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a b s t r a c t
In this paper, we give a general estimate result of Gol’dberg’s theorem concerning finite
growth order of meromorphic solutions of first-order algebraic differential equations by
using the normal family theory. It is an extending result of corresponding theorem for
Bergweiler and Barsegian and so on. We also give some examples to show that our result
is sharp in special case.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and main result
Let f (z) be a function meromorphic in the complex plane. We use the standard notations of Nevanlinna theory and
denotes the order of f (z) by λ(f ) (see Hayman [1], He [2], Laine [3] and Yang [4]).
Let D be a domain in the complex plane. A family F of meromorphic functions in D is normal in D, if each sequence
{fn} ⊂ F contains a subsequence which converges locally uniformly by spherical distance to a function g(z)meromorphic
in D (function g(z) is permitted to be identically infinity). We define spherical derivative of the meromorphic function f (z)
as follows:
f ](z) := |f
′(z)|
1+ |f (z)|2 .
An algebraic differential equation forw(z) is of the form
P(z, w,w′, . . . , w(k)) = 0, (1)
where P is a polynomial in each of its variables.
As everyone knows, it is has been one of the important topics to research the growth of meromorphic solution w(z) of
differential equation (1) in the complex plane C.
In 1956, Gol’dberg [5] proved the following result.
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Theorem A. Let w(z) be anymeromorphic solution of algebraic differential equation (1)with k = 1, then the growth order λ(w)
of w(z) satisfies λ(w) <∞.
For half a century, Bank and Kaufman [6] (see [3]), Barsegian [7,8], Bergweiler [9] etc. gave some extensions or different
proofs, but the results have not changed. In this paper, we extend their results and give a general estimate of order ofw(z),
which depends on the degrees of coefficients of differential polynomial for w(z). In order to state these results, we first
introduce some notations: n ∈ N = {1, 2, 3, . . . , }, rj ∈ N0 = N⋃{0} for j = 1, 2, . . . , n, and put r = (r1, r2, . . . , rn).
DefineMr [w] by
Mr [w](z) := [w′(z)]r1 [w′′(z)]r2 · · · [w(n)]rn ,
with the convention thatM{0}[w] = 1. We call p(r) := r1 + 2r2 + · · · + nrn the weight ofMr [w]. A differential polynomial
P[w] is an expression of the form
P[w](z) :=
∑
r∈I
ar(z, w(z))Mr [w](z), (2)
where the ar are rational in two variables and I is a finite index set. The weight deg P[w] of P[w] is given by deg P[w] :=
maxr∈I p(r). degz,∞ ar denotes the degree at infinity in variable z concerning ar(z, w). degz,∞ a := maxr∈I max{degz,∞ ar , 0}.
Theorem B ([7–9]). Let w(z) be meromorphic in the complex plane, n ∈ N, P[w] be a differential polynomial with the form
(2), n > deg P[w]. If w(z) satisfies the differential equation [w′(z)]n = P[w], then the growth order λ(w) of w(z) satisfies
λ(w) <∞.
Our result may be stated as follows.
Theorem. Let w(z) be meromorphic in the complex plane, n ∈ N, P[w] be a differential polynomial with the form (2),
n > deg P[w]. If w(z) satisfies the differential equation [w′(z)]n = P[w], then the growth order λ := λ(w) of w(z) satisfies
λ ≤ 2+
2 deg
z,∞
a
n− deg P[w] .
We notice that degz,∞ a = 0 when all the ar(z, w)(r ∈ I) are constant coefficients rational function in variable w.
Therefore, the following is an easy consequence of the above result.
Corollary. Let w(z) be meromorphic in the complex plane, n ∈ N, P[w] be a differential polynomial with constant coefficients
in variablew and n > deg P[w]. If w(z) satisfies the differential equation [w′(z)]n = P[w], then λ(w) ≤ 2.
Remark. Yuan–Li–Zhang [10] proved a general result of the above corollary using a different method here.
Example 1 ([2]). Weierstrass elliptic function w(z) satisfies the differential equation [w′(z)]2 = 4(w − e1)(w − e2)(w −
e3),where e1, e2 and e3 are constants. We know that the order of w(z) is λ(w) = 2. This example shows that the upper
bound given by theorem and corollary is sharp.
Example 2. Consider the first-order Briot–Bouquet differential equation
P0(w)(w′)n +
n∑
k=1
Pk(w)(w′)n−k = 0, (3)
where Pk(w) is a polynomial in w with constant coefficients. In 1956, Gol’dberg [5] proved that if w(z) is a single-valued
solution of Eq. (1), then P0(w) is a constant and λ(w) ≤ 2, it is obvious that this holds for entire as well as meromorphic
solutions. This example shows that our estimate is right.
Example 3 ([11]). For n > 0, letw(z) = cos z n2 , then λ(w) = n2 andw satisfies the following algebraic differential equation:
(w′)2 + n
2
4
zn−2(w2 − 1) = 0 (4)
when n = 1 or 2, degz,∞ a = 0, and the growth order λ(w) of any meromorphic solution w(z) of Eq. (4) satisfies
λ(w) ≤ 2; when n ≥ 3, degz,∞ a = n − 2, and the growth order λ(w) of any meromorphic solution w(z) of Eq. (4)
satisfies λ(w) ≤ 2n− 2.
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Example 4. For n ≥ 2, entire functionw(z) = ezn satisfies the following algebraic differential equation
(w′)n = nn−1(n− 1)z(n−1)2−1wn − nn−1z(n−1)2−nwn−1w′ + (nzn−1 + z−1)w(w′)n−1. (5)
We know that the growth order λ(w) = n, and degz,∞ a = (n−1)2−1, the growth order λ(w) of anymeromorphic solution
w(z) of Eq. (5) satisfies λ ≤ 2(n− 1)2.
Example 5. For n ≥ 3, entire functionw(z) = ezn satisfies the following algebraic differential equation
(w′)n = nn−2z(n−1)2−n+1wn−1w′′ + (1− n)z−1w(w′)n−1. (6)
We know that degz,∞ a = (n−1)2−n+1, and the growth order λ(w) of anymeromorphic solutionw(z) of Eq. (6) satisfies
λ ≤ 2+ 2[(n− 1)2 − n+ 1].
2. Main lemmas
In order to prove our result, we need the following lemmas. Lemma 1 is an extending result of Zalcman [12] concerning
normal families.
Lemma 1 ([13]). Let F be a family of meromorphic functions on the unit disc, α is a real number. Then F is not normal on the
unit disc if and only if there exist, for each−1 < α < 1,
(a) a number 0 < r < 1;
(b) points zn with |zn| < r;
(c) functions fn ∈ F ;
(d) positive numbers ρn → 0
such that gn(ζ ) := ρ−αn fn(zn + ρnζ ) converges locally uniformly to a nonconstant meromorphic function g(ζ ), which order is at
most 2. In particular, we may choosewn and ρn, such that
ρn ≤ 2
[f ]n (wn)]
1
1+|α|
, f ]n (wn) ≥ f ]n (0).
Lemma 2. Let f (z) be meromorphic in the complex plane, λ := λ(f ) > 2, then for each 0 < ρ < λ−22 , there exist points
an →∞(n→∞), such that
lim
n→∞
f ](an)
|an|ρ = +∞. (7)
Proof. Suppose that the conclusion of Lemma2 is not true, then there exists a positive numberM > 0, such that for arbitrary
z ∈ C, we have
f ](z) ≤ M|z|ρ . (8)
By (8) we can get
A(t, f ) = 1
pi
∫ ∫
|z|≤t
[f ](z)]2dσz
≤ M
2
pi
∫ ∫
|z|≤t
|z|2ρdσz
= O(|t|2ρ+2).
Thus we obtain an estimate of Ahlfors–Shimizu characteristic function
T0(r, f ) =
∫ r
0
A(t, f )
t
dt
= O(|r|2ρ+2).
Therefore, the order λ of f (z) can be estimated as λ ≤ 2ρ + 2. This is a contradiction with the choice of ρ. 
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3. Proof of theorem
Proof. Suppose that the conclusion of theorem is not true, then there exists a meromorphic solution w(z) satisfies the
differential equation [w′(z)]n = P[w], such that
λ > 2+
2 deg
z,∞
a
n− deg P[w] . (9)
By Lemma 2 we know that for each 0 < ρ < λ−22 , there exist sequences am →∞(m→∞), such that (7) is right. This
implies that the family {wm(z) := w(am + z)}m∈N is not normal at z = 0. By Lemma 1, there exist sequences {bm} and {ρm}
such that
|am − bm| < 1, ρm → 0, (10)
and gm(ζ ) := wm(bm − am + ρmζ ) = w(bm + ρmζ ) converges locally uniformly to a nonconstant meromorphic function
g(ζ ), which order is at most 2. In particular, we may choose bm and ρm, such that
ρm ≤ 2
w](bm)
, w](bm) ≥ w](am). (11)
According to (7) and (9)–(11), we can get the following conclusion:
For any fixed constant 0 ≤ ρ < λ−22 , we have
lim
m→∞ b
ρ
mρm = 0. (12)
In the differential equation [w′(z)]n = P[w]we now replace z by bm + ρmζ . Assuming that P[w] has the form (2). Then
we obtain
ρ−nm [g ′m(ζ )]n =
∑
r∈I
ar(bm + ρmζ , gm(ζ ))ρ−p(r)m Mr [gm](ζ )
namely
[g ′m(ζ )]n =
∑
r∈I
ar(bm + ρmζ , gm(ζ ))
bdeg arm
{b
deg ar
n−p(r)
m ρm}n−p(r)Mr [gm](ζ ). (13)
Because 0 ≤ ρ = deg arn−p(r) ≤ deg an−deg P[w] < λ−22 , p(r) < n, by (12) we can get [g ′(ζ )]n = 0 from (13). Thus we get g(ζ ) is a
constant. This is a contradiction with the conclusion of what we have obtained. The proof of theorem is complete. 
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